What's New in Maple 2016 * Maple

Physics

Maple provides a state-of-the-art environment for algebraic computations in Physics, with
emphasis on ensuring that the computational experience is as natural as possible. The
theme of the Physics project for Maple 2016 has been the consolidation of the new
functionality introduced during the last three releases, through more than 300
enhancements across the board, together with signification enhancements and new
functionality in General Relativity. Most notably, for the 100th anniversary of the
presentation of the theory of relativity, in Maple 2016 we are bringing to completion the
digitalization of the solutions to Einstein's equations collected, from more than 4000
papers, in the classic book "Exact Solutions to Einstein's Equations"” by H. Stephani - et al.

In addition, Maple 2016 implements new general functionality that is relevant within and
beyond Physics, including a new Factor command with the ability to perform factorization
in expressions involving products of noncommutative operators and the ability to compute
with differential operators algebraically, that is, operating with them using multiplication to
express application. Combining these two developments, it is now possible to factorize
algebraic expressions involving differential operators and so, for example, solve partial
differential equations through factorization.

Taking all together, the more than 350 enhancements throughout the entire package
increased robustness, versatility and functionality, extending again the range of Physics-
related algebraic computations that can be done using computer algebra software and in a
natural way.

As part of its commitment to providing the best possible environment for algebraic
computations in Physics, Maplesoft launched a Maple Physics: Research and Development
web site with Maple 18, which enabled users to download research versions, ask
questions, and provide feedback. The results from this accelerated exchange with people
around the world have been incorporated into the Physics package in Maple 2016.

Vv Completion of the Database of Solutions to
Einstein's Equations

A database of solutions to Einstein's equations was added to the Maple library in Maple
15 with a selection of metrics from "Stephani, H.; Kramer, D.; MacCallum, M.;

Hoenselaers, C.; and Herlt, E., Exact Solutions to Einstein's Field Equations". More
metrics from this book were added for Maple 16, Maple 17, and Maple 18, up to 225



metrics. In Maple 2016, for the 100th anniversary of the presentation of the theory of
Relativity by A. Einstein, we brought to completion the digitalization of all the 971
metric solutions collected from more than 4000 papers presented in the General
Relativity literature. All these metrics can be loaded or searched using g_ (the Physics
command representing the spacetime metric that also sets the metric to your choice in
one go) or using the command DifferentialGeometry:-Library:-MetricSearch. When a
metric is loaded, all the General Relativity tensors (Christoffel, Ricci, Einstein, and
Riemann) are automatically computed on background and available for further
computations. These metrics can also be changed in various ways and, automatically,
all the General Relativity tensors are recomputed on background. You can work with
these metrics, the ones in the database or any other one you set, using the Tetrads
formalism too, with the commands of the Physics:-Tetrads package.

In the Maple PDEtools package, you have the mathematical tools - including a complete
symmetry approach - to work with the underlying partial differential equations. By
combining the functionality of the Physics:-Tetrads package, the Physics:-
TransformCoordinates command, and the ability to compute Riemann and Weyl
invariants, you can also formulate and, depending on the the metrics also resolve, the
equivalence problem; that is: to answer whether or not, given two metrics, they can be
obtained from each other by a transformation of coordinates, as well as compute the
transformation.

V Examples

Load Physics, set the metric to Schwarzschild (and everything else automatically) in
one go

> restart, with( Physics) :
> g _[sc]
Systems of spacetime Coordinates are: {X=(r, 0, ¢, 1) }
Default differentiation variables for d_, D_ and dAlembertian are: {X=(r, 0, ¢, 1) }

The Schwarzschild metric in coordinates [r, 0, 0, t]

Parameters: [m]

?rzm 0 0 0
0 -7 0 0
Fiv 0 0 -Asin(6)° 0 @
0 0 0 r-2m
r

That is all you need to do: although the strength in Physics is to compute with
tensors using indicial notation, by setting the metric as in (1) all of the tensor
components of the General Relativity tensors are also derived on the fly and ready



for use. For instance these are the definition in terms of Christoffel symbols, and the
covariant components of the Ricci tensor for Schwarzschild solution

> Riccil definition]
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> Ricci[ ]
(000 0]
0000
R - 3)
Y L0000
0000

These are the 16 Riemann invariants for Schwarzschild solution, using the formulas
by Carminati and MclLenaghan

> Riemann|invariants |

6m3

9
r

10=0,7=0,r,=0,,=0,w,=——,w,= ,m=0,my,=0,my=0,m,=0,my=0 )]

The related Weyl scalars in the context of the Newman-Penrose formalism; the
definition is in terms of the Weyl tensor and the tetrad of tensors lu’ My s %u of the
Newman-Penrose formalism

> Weyl| scalarsdefinition)

_ v, p _ _ v, p — MV p - —_
y,=-C lumvlumﬁ,wl— C lunvlamﬁ,\pz— C lumvmanﬁ,lu3— o)
mov, o — — Mmoo p o~ —
C lu n,m ngV, C n,m n, mB
> Weyl[scalars]
m
\V():OaW]:Oan:_?9\"3:09\"4:0 (6)

These are the matrix components of the Christoffel symbols of the second kind (that
describe, in coordinates, the effects of parallel transport in curved surfaces), when
the first of its three indices is equal to 1; contravariant indices are prefixed by ~

> Christoffel[ ~1, alpha, beta, matrix|

@)



m
— 0 0
r(-r+2m)
0 -r+2m 0 0
Fl = 2
o B 0 0 (-r+2m)sin(0) 0
2
0 0 0 2m trm
¥

In Physics, the Christoffel symbols of the first kind are represented by the same

@)

object (one command, Christoffel, not two) just by taking the first index covariant, as

we do when computing with paper and pencil

> Christoffel[ 1, alpha, beta, matrix]

(-r+2m)
0 roo0 0
r =
Lo p 0 0 rsin(6)° 0
0 o o -=
r

One could query the database, directly from the spacetime metrics, for example

®

about the solutions (metrics) to Einstein's equations related to Levi-Civita, the Italian

mathematician

> g [civi]

[12, 16, 1]=["Authors" = ["Bertotti (1959)", "Kramer (1978)", "Levi-Civita (1917)",
"Robinson (1959)"], "PrimaryDescription" = "EinsteinMaxwell",
"SecondaryDescription" = [ "Homogeneous" | ]

[12, 18, 1]=["Authors" = ["Bertotti (1959)", "Kramer (1978)", "Levi-Civita (1917)",
"Robinson (1959)"], "PrimaryDescription" = "EinsteinMaxwell",
"SecondaryDescription" = [ "Homogeneous" | ]

[12, 19, 1]=["Authors" = ["Bertotti (1959)", "Kramer (1978)", "Levi-Civita (1917)",
"Robinson (1959)"], "PrimaryDescription" = "EinsteinMaxwell",
"SecondaryDescription" = [ "Homogeneous" ], "Comments" = [" lambda= zeta"]]

[22,7, 1]=["Authors" = ["Levi-Civita (1917), Frehland (1971)"], "PrimaryDescription"
="Vacuum", "SecondaryDescription" = [ "Cylindrically-Symmetric"], "Comments"
= ["Locally static, Weyl class m=0,1 - flat, m=1/2, 2, -1 - PetrovType D"]]

®

Each triad of numbers indicates the chapter and equation number with which each of



these metrics appear in "Exact Solutions to Einstein's Field Equations". For example,

[12, 16, 1] is the metric found in Chapter 12 with equation number 16.1. These

solutions can be set in one go from the metrics command, just by indicating the triad

of numbers as follows

> g [[12,16,1]]
Systems of spacetime Coordinates are: {X=(t,x,0,9) }
Default differentiation variables for d_, D _and dAlembertian are: {X=(t,x,0, 0) }
The Bertotti (1959), Kramer (1978), Levi-Civita (1917), Robinson (1959) metric in
coordinates [t, x, 0, ¢]
Parameters: [k, k0, B]

Resetting the signature of spacetime from "+ - - -"to - + + +in order to match the
signature in the database of metrics:
- Rsinh(x)> 0 0 0
0 K 0 0
Sy 0 0K 0
0 0 0 Ksin(6)’

Automatically, everything gets set accordingly; these are the contravariant
components of the related Ricci tensor

> Ricci[ ~]
! > 0 0 0
k" sinh(x)
1
0 A 0 0
RM V=
0 0 JZ 0
K
0 0 0 ———L—3-
K sin(6)

One works with the Newman-Penrose formalism frequently using tetrads (local
system of references); the Physics subpackage for this is Tetrads

> with(Tetrads)
Setting lowercaselatin letters to represent tetrad indices

5 .
Defined as tetrad tensors (see ? Physics,tetrads), ea’ . T]a’ p Yo b o 7\.% b

Defined as spacetime tensors representing the NP null vectors of the tetrad formalism (see

?Physics, tetrads), [ ,n_,m , m
w T e Ty

[IsTetrad, NullTetrad, OrthonormalTetrad, SimplifyTetrad, TransformTetrad, e_, eta_,

(10)

an

(12)



gamma_, |, lambda _,m _,mb ,n_]

To query about the definition of any of these tensors, of the Tetrads or Physics
packages, index them with the keyword definition

> [ [definition]

w_ w_ m_ —u_ _ _ — —
lul 0, l“n 1, l“m 0, lum 0, gy lu n, lV ny —i—mH mv-l-mV mu 13)

> gamma_|definition]

Ya,b,c:(@(e ))eb”e" (14)

vi a U c
This is the orthonormal tetrad e X related to the metric set in (10) set by the package
a,

(you can change these tetrads in different ways using the TransformTetrad
command)

>e[]
| sinh(x)k 0 0 0
0 k0 0
“Sn | 0 0k 0 (15)
0 00 sin(6)k

You can check these components directly using the definition. In this case, the right-
hand side is the (orthonormal) tetrad metric

> e [definition]

ea’“eb“=na,b (16)
> eta [ ]
[ -1 00 0|
0100
Nas™| 0010 an
0001

This shows that, for the tetrad components given by (15), the definition (16) holds
> TensorArray((16))

1

0=0 1=10=0 0=0
0=0 0=01=1 0=0
0=0 0=00=0 1=1

(18)

One frequently works with a different signature and null tetrads; set that, and
everything related automatically



> Setup(tetradmetric = null)

[tetradmetric={(1,2) = —1, (3,4) =1}] 19)
> eta | ]
0 -100]
B -1 000 20)
Na. s 0 001
0 010
>e[]
J2 sinh(x) k2 k
0 0
2 2
J2 sinh(x) £ 2k
- 0 0
2 2
¢ W 1)
a,
0 0 @ %ﬁsin(ﬂ)k
0 0 @ —%ﬁsin(e)k
Verifying (21) using the definition (16)
> TensorArray((16))
0=0 —1=—10=0 0=0 |
—1=-—1 0=0 0=0 0=0
(22)
0=0 0=0 0=01=1
0=0 0=0 1=1 0=0

You can also change the signature and everything gets automatically recomputed as
well, from the components of the tensors to the definition of Weyl scalars. You can
qguery the value of the signature using Setup

> Setup(signature)
[signature =- + + +] (23)

Set the signature to be + - - -, compare the components of the null tetrad metric

with the components of (20) and verify the tetrad e
a, ju

> Setup(signature = "+---")
[signature = + - - -] 24)

> eta [ ]



(01 0 0]
|10 0 0 %)
LY 00 0 -1
00 -1 0
> e []
—%ﬁsinh(x)k —%ﬁk 0 0
—%ﬁsinh(x)k %ﬁk 0 0
e = . (26)
a, 0 0 —%ﬁk \/751;1(6)16
0 0 —L\/?k _ﬁsm(e)k
2 2
> TensorArray((16))
0=0 1= 0=0 0=0
=1 0=0 0=0 0=0
27
=0 0= 0=0 —1=-—1
=0 0=0 —1=—1 0=0

The related 16 Riemann invariants

> Riemann|invariants]

ry=0,r = ?, ry=0,r3= ?, w, =0, w,=0,m; =0,m,=0,my=0,m, =0, my=0 (28)
4

The ability to query rapidly, set things in one go, change everything and have all the

quantities automatically adjusted are at the realm of the design of the General

Relativity functionality of the Physics package, resulting in a rather flexible

computational environment.

These are the metrics by Kaigorodov; next are those published in 1962

> g [Kaigorodov]

[12, 34, 1]=["Authors" = ["Kaigorodov (1962)", "Cahen (1964)", "Siklos (1981)",
"Ozsvath (1987)" ], "PrimaryDescription" = "Einstein", "SecondaryDescription"
= ["Homogeneous" ], "Comments"
= ["All metrics with _epsilon <> 0 are equivalent to the cases epsilon = +1, -1,
_epsilon = 0 is anti-deSitter space"]]



[12, 35, 1]=["Authors" = ["Kaigorodov (1962)", "Cahen (1964)", "Siklos (1981)",
"Ozsvath (1987)"], "PrimaryDescription" = "Einstein", "SecondaryDescription"
= ["Homogeneous", "SimpleTransitive" ] ]

[38,2, 1]=["Authors" = ["Kaigorodov (1962)" ], "PrimaryDescription"
= "Hypersurface-Homogeneous", "SecondaryDescription" = [ "AlgebraicallySpecial"]]

[38, 3, 1]=["Authors" = [ "Kaigorodov (1962)" ], "PrimaryDescription" 29)
= "Hypersurface-Homogeneous", "SecondaryDescription”
= ["AlgebraicallySpecial" ], "Comments"
= ["Note, there is a typo (the x4 term) in this metric in Stephani which we were not
able to verify from the original. This metric may not be correct!"]]

> g [1962"]

[12, 13, 1]=["Authors" = ["Ozsvath, Schucking (1962)"], "PrimaryDescription"
="Vacuum", "SecondaryDescription" = [ "Homogeneous", "PlaneWave" ],
"Comments" = [ "geodesically complete, no curvature singularities" ]|

[12, 14, 1]=["Authors" = ["Petrov (1962)" ], "PrimaryDescription" ="Vacuum",
"SecondaryDescription" = [ "Homogeneous", "SimpleTransitive" ] ]

[12, 34, 1]=["Authors" = ["Kaigorodov (1962)", "Cahen (1964)", "Siklos (1981)",
"Ozsvath (1987)" ], "PrimaryDescription" = "Einstein", "SecondaryDescription"
= ["Homogeneous" |, "Comments"
= ["All metrics with _epsilon <> 0 are equivalent to the cases _epsilon = +1, -1,
_epsilon = 0 is anti-deSitter space"]]

[12, 35, 1]=["Authors" = ["Kaigorodov (1962)", "Cahen (1964)", "Siklos (1981)",
"Ozsvath (1987)" ], "PrimaryDescription" = "Einstein", "SecondaryDescription"
= ["Homogeneous", "SimpleTransitive" ] ]

[18, 2, 1]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"
= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case Al, Psi2=- b/(2*1"3)"]]

[18, 2, 2]=["Authors" = [ "Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"

= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case All, Psi2= b*(1/(2*z"3))"]]




[18, 2, 3]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"

= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case AIll, Psi2=1/(2*z"3)"]]

[18,2,4]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"

= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case BI, Psi2=- b*(1/(2*1"3))"]]

[18, 2, 5]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
"vacuum solutions ", "SecondaryDescription"

= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case BII, Psi2= b*(1/(2*z"3))"]]

[18, 2, 6]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"

= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case BIII, Psi2=1/(2*z"3)"]]

[18, 2, 7]=["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"
= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case C, Psi2=(1/2)*(x+y)"3, + case"]]

[18, 2, 8] =["Authors" = ["Ehlers and Kundt (1962)"], "PrimaryDescription"
= "vacuum solutions ", "SecondaryDescription"
= ["degenerate static vacuum solution"], "Comments"
= ["Table 18.2, case C, Psi2=-(1/2)*(x+y)"3, - case"]]

[22, 59, 1]=["Authors" = ["Misra and and Radhakrishna (1962)"], "PrimaryDescription"
="EinsteinMaxwell", "SecondaryDescription" = [ "Cylindrically-Symmetric"],
"Comments"
= ["Null EM field, W=int((diff(_Theta(u),u)"2 +diff(_eta(u),u)"2),u), u=(t-rho)/sqrt
(2), the non-null case is with Theta(t,rho)=_Psi(t,rho)*cos(_alpha), Theta(t,rho)=
_Psi(t,rho)*sin(_alpha)"]]

[26, 21, 1]=["Authors" = ["Newman and Tamburino (1962)"], "PrimaryDescription"
= "EinsteinMaxwell", "SecondaryDescription" = [ "Non-Aligned, Non-Null" ],
"Comments" = [ "Spherical class"]]

[26, 22, 1]=["Authors" = ["Newman and Tamburino (1962)"], "PrimaryDescription"



= "EinsteinMaxwell", "SecondaryDescription" = [ "Non-Aligned, Non-Null" ],

"Comments" = ["Cyllindrical class"]]

[26, 23, 1]=["Authors" = ["Newman and Tamburino (1962)"], "PrimaryDescription"
="EinsteinMaxwell", "SecondaryDescription" = [ "Non-Aligned, Non-Null" ],

"Comments" = ["Cyllindrical class"]]

[27,27,1]=["Authors"
= ["Robinson and Trautman 1962, Debney et al. 1969, Talbot 1969, Robinson et al.

1969a, Lind 1974 "], "PrimaryDescription" = "Generic", "SecondaryDescription"
= ["geodesic, shearfree and diverging null congruence" ], "Comments"
= ["rho:=1/(-(r +r0+I*Sigma)): Sigma:=-2*[*P2*((diff(L,zb)-L*diff(L,u))-(diff(Lb,

7)-L*diff(Lb,u))):"1]

[27,37,1]=["Authors" = ["Robinson and Trautman (1962)"], "PrimaryDescription"
= "EinsteinMaxwell", "SecondaryDescription" = [ "Non-Aligned, non-null"],

"Comments"
= ["admits geodesic, shearfree, twistfree null congruence, rho=-1/r= rho b"]]

[28, 8, 1]=["Authors" = [ "Robinson-Trautman (1962)"], "PrimaryDescription"
="Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" ], "Comments"
= ["diff(2* P(u,z,zb)"2*diff(2* P(u,z,zb)"2*In(_P(u,z,zb)),z,zb),z,zb) +12* m(u)*

diff(In(_P(u,z,zb)),u)-4*diff(_m(u),u)=0"1]

[28, 12, 1]=["Authors" = ["Robinson-Trautman (1962)" ], "PrimaryDescription"
="Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" ], "Comments"
=["2*P(u, z, zb)"2*diff(In(P(u, z, zb)),z,zb)= K(u), K(u)=0,+1,-1"]]

[28, 16, 1]=["Authors" = ["Robinson-Trautman (1962)" ], "PrimaryDescription"
"Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" |, "Comments"

= ["The coordinate zeta is changed to xi",
"AlternativeOrthonormalTetradl and AlternativeNullTetrad1 are adapted to the shear-

free null geodesic congruence (Robinson-Trautman tetrads)" ]|

[28, 26, 1]=["Authors" = ["Robinson, Trautman (1962)"], "PrimaryDescription"
="Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" ], "Comments"
= ["One can use the diffeo r -> -r and u -> -u to make the assumption r > 0",

"The case _m = 0 is Stephani, [28, 16,1]",
"The metric is type D at points where r = 3* m/(xil +xi2) and type II on either side of

this hypersurface. For convenience, it is assumed that 3* m - r*(xil + xi2) > 0",
"AlternativeOrthonormalTetradl and AlternativeNullTetrad1 are adapted to the shear-

free null geodesic congruence (Robinson-Trautman tetrads)" ]|



[28, 26, 2] = ["Authors" = ["Robinson, Trautman (1962)"], "PrimaryDescription"
"Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" |, "Comments"
["One can use the diffeo r -> -r and u -> -u to make the assumption r > 0",

"The case _m = 0 is Stephani, [28, 16,1].",
"AlternativeOrthonormalTetrad1 and AlternativeNullTetrad1 are adapted to the shear-

free null geodesic congruence (Robinson-Trautman tetrads)" ]|

[28, 26, 3]=["Authors" = ["Robinson, Trautman (1962)" ], "PrimaryDescription"
"Vacuum", "SecondaryDescription" = [ "RobinsonTrautman" ], "Comments"
["One can use the diffeo r -> -r and u -> -u to make the assumption r > 0",

"The case _m = 0 is Stephani, [28, 16,1].",
"AlternativeOrthonormalTetradl and AlternativeNullTetradl are adapted to the shear-

free null geodesic congruence (Robinson-Trautman tetrads)" ] ]

[28,37,1]=["Authors" = ["Robinson-Trautman (1962)" ], "PrimaryDescription"
="EinsteinMaxwell", "SecondaryDescription" = [ "RobinsonTrautman" ], "Comments"
= ["diff(2*P"2*diff(2*P(u,z,zb)"*2*In(P(u,z,zb)),z,zb),z,zb) + 12* m(u)*diff(In(P(u,z,

zb)),u)-4*diff(_m(u),u)=4* kappaO*P"2* h(u,z,zb)* hb(u,z,zb), Q(u,z,zb)*diff( Qb

(u,z,zb),u)- Qb(u,z,zb)*diff( Q(u,z,zb),u)=2* P(u,z,zb)*2*(_hb(u,z,zb)*diff(_Qb(u,z,

zb),zb)-_h(u,z,zb)*diff(_Q(u,z,zb),b)), diff(_h(u,z,zb),z)=diff(_Qb(u,z,zb)/2/ P(u,z,zb)

A2,u), diff(_m(u,z,zb),z)=_kappa0* hb(u,z,zb)* Qb(u,z,zb)"]]

[28, 43, 1]=["Authors" = ["Robinson, Trautman (1962)" ], "PrimaryDescription"
= "EinsteinMaxwell", "SecondaryDescription" = [ "PureRadiation",
"RobinsonTrautman" ], "Comments" = ["h1(u) is the conjugate of h(u)"]]

[31,40, 1]=["Authors" = [" Petrov (1962)" ], "PrimaryDescription" ="Vacuum",
"SecondaryDescription" = [ "Non-diverging" ] ]

[35,19, 1]=["Authors" = ["Ehlers and Kundt 1962"], "PrimaryDescription" = "Generic",

"SecondaryDescription" = ["PPWave" ], "Comments"
= ["constant null bivector, k[mu]=-D [mu](u)"]]

[38, 2, 1]=["Authors" = ["Kaigorodov (1962)" ], "PrimaryDescription"
= "Hypersurface-Homogeneous", "SecondaryDescription" = [ "AlgebraicallySpecial"]]

[38, 3, 1]=["Authors" = ["Kaigorodov (1962)" ], "PrimaryDescription" 30)

= "Hypersurface-Homogeneous", "SecondaryDescription"”

= ["AlgebraicallySpecial"], "Comments"
= ["Note, there is a typo (the x4 term) in this metric in Stephani which we were not

able to verify from the original. This metric may not be correct!"]]



The search can also be done visually, by properties. The following is the only solution
in the database that is a Pure Radiation solution, of Petrov Type "D", Plebanski-Petrov
Type "O" and that has Isometry Dimension equal to 1:

> DifferentialGeometry:-Library:-MetricSearch( )

[ JoN | Metric Search
|
Physical Properties

Primary Description: | | Dust | | Einstein | | Einstein-Maxwell | | Perfect Fluid Pure Radiation | | Vacuum
Secondary Description: | | Homogeneous | | Plane Wave | | PP-Wave | | Pure Radiation | | Robertson-Walker | | Simply Transitive | | Static
Keyword Description:  [] (a list of strings)

Algebraic Properties
Petrov Type: | |1 | [0 [ |1 o [ IN (o Plebanski-Petrov Type: | “ln [Iwm [Jp [N @Eo
Segre Type: | | [(1,111)] | | [1,(111)] [ | [(,113,1] [ {1,111 [ |[1,1Qan] [ /(1,01 [ [,111 e, 1) [ [L,n2)

1 [61,12) ~[2,11)] 3,1 1 [3,1] “llzz, ] [ [zz11)

Isometry Properties

Isometry Dimension: 1 [l2 [13 4 5 6 7 [110

Orbit Dimension: [ |1 [ 12 [ |3 [ |4 Orbit Type: | | Null | | Lorentzian | | Riemannian

Isotropy Type: | |F1 [ |F2 [ |F3 [ |F4 [ |Fs [ |F6 | |F7 [ |F8 [ IF@ [ |Fl0 [ |F11 [ |F12 [ |F13 | |Fl4 | | F15
Search
Results

[["Stephani", [28, 74, 1]]]

Set the solution, and everything related to work with it, in one go

> g [[28,74,1]]
Systems of spacetime Coordinates are: {X = (u, n, 7, y) }

Default differentiation variables for d_, D_and dAlembertian are: {X= (u,m,7,y) }
The Frolov and Khlebnikov (1975) metric in coordinates [u,n, 7, y|
Parameters: [KO, m(u), b, d]

Comments: With _m(u) = constant, the metric is Ricci flat and becomes 28.24 in Stephani.

Resetting the signature of spacetime from "+ - - -" to - + + +in order to match the
signature in the database of metrics:

[ 2m@)* =6 mw)*nr—~2 (61" +b) mu) +7 (-21" +bn +d) an
g”’v rm(u)2 ’




2
- -1
m(u)ﬂ 709
[ 2 2
- 2 3 5050,
mu) o’ bn+d

-1,0,0,0],

0,0,0,7 (21" +b1n+d)

The related Riemann invariants:

> Riemann[invariants]

6m(u)2 6m(u)3
r0=0,r1=0,r2=0,r3=0,w1=—6,w2=— o m; =0, m,=0,my;=0,m,=0,
r r

m5=O

(32)

To list all the triads of numbers associated to the solutions digitized in the database

(each triad indicates the Chapter and equation number with which each of these
metrics appear in the book), enter

> DifferentialGeometry:-Library:-Retrieve("Stephani", 1)

[[8,33,1],[8,34,1],[12,6,1],[12,7,1],[12,8,1],[12,8,2],[12,8,3],[12,8,4],
[12,8,5],[12,8,6],[12,8,7],[12,8,8],[12,9,1],[12,9,21],[12,9,3], [12, 12,
1], [12,12,2],[12,12,3], [12,12,4], [12,13, 1], [12,14, 1], [12, 16, 1], [ 12, 18,
1], [12,19,1], [12,21,1], [12,23,1],[12,23,2],[12,23,3], [12,24.1,1], [12,
242,1],[12,24.3,1],[12,26,1],[12,27,1],[12,28,1],[12,29,1],[12,30,1],
[12,31,1],[12,32,1],[12,34,1],[12,35,1], [12,36,1], [12,37,1],[12,37,2],
[12,37,31,[12,37,41,[12,37,5],[12,37,61, [12,37,7], [12,37,8], [12,37,9],
[12,38,1],[12,38,2],[12,38,3],[12,38,4],[12,38,5], [13,2,1], [13,2,2],
[13,2,3],[13,7,1],[13,7,2],[13,7,3],[13,7,4], [13,7,5], [13,7,6], [13, 7,
71, [13,7,8], [13,14,1], [13,14,2], [13,14,3], [13,19, 1], [13,31, 1], [13, 32,

1], [13,46,1],[13,48,1],[13,49,1], [13,49,2], [13,51, 1], [13,53,1], [13, 59,
1],[13,59,2],[13,60,1], [13,60,2], [13,60,3], [13,60,4], [13,60,5], [13, 60,
6],[13,60,7],[13,60,8], [13,61,1], [13,61,2],[13,62,1], [13,62,2], [13, 62,
4],[13,62,6],[13,63,11], [13,63,2], [13,63,3],[13,63,4], [13,64, 1], [13, 64,
2],[13,64,3],[13,64,4], [13,65,1],[13,69,1], [13,71,1], [13,72,1], [13, 73,
1],[13,74,1],[13,74,2], [13,74,3], [13,76, 1], [13,77,1], [13,77,2], [ 13,79,
1],[13,79,2],[13,80, 1], [13,81,1], [13,83,1], [13,84, 1], [13,84,2], [13, &4,
31,[13,85,1],[13,85,2],[13,86,1],[13,87,1],[14,6.1,1],[14,6.2,1], [14,

63,1],[14,7,1],[14,8.1,1],[14,82,1],[14,8.3,1],[14,9.1,1], [14,9.2, 1],

(33)



[14,10,1],[14,10,2], [14,12, 1], [14,12,2], [14,12,3], [14, 14, 1], [ 14, 14, 2],
[14,15,1], [14,15.1,2], [14,15.2,2], [14, 15.3,2], [14, 16, 1 ], [14, 16,2], [ 14

17,11, [14,18,1], [14,18,2], [14,19, 1], [14,20, 1], [14, 21, 1], [14, 21, 2
21,31, [14,22,1],[14,23,1], [14,24, 1], [ 14,25, 1], [14,26, 1], [14, 26,2
26,3],[14,26,4], [14,27,1], [14,28,1], [14, 28,2], [14,28,3], [14, 29, 1
] ]
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38,21, [14,38,31, [14,39, 1], [14, 39,21, [14, 39, 3], [14, 39,47, [14, 39, 5
39,671, [14,40, 17, [14,41, 17, [14,42, 1], [14, 46,11, [15,3, 1], [15, 3, 2], 4,
11,[15,4,21,[15,4,31, [15,9, 17, [15, 10, 17, [15, 12, 11, [15, 12, 2], [15, 12, 3],
[15, 12,41, [15, 12,51, [15, 12,61, [15, 17, 11, [15, 17, 21, [15, 17, 31, [ 15, 17, 4],
15,18, 1], [15, 19,11, [15, 19, 21, [15, 20, 11, [15, 21, 11, [15, 21, 21, [ 15, 22, 1],
15,23, 11, [15,23,2], [15,24, 1], [15, 24,21, [15, 25, 11, [15, 25, 2], [ 15, 26, 1],
15,26,21, [15,27, 11, [15, 27, 21, [15, 27, 31, [ 15, 27, 41, [ 15, 27, 51, [ 15, 27, 6],
15,27,71, [15, 27,81, [15,28, 11, [15,29, 11, [15,30, 11, [15, 31,11, [15, 32, 1],
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15,50, 2], [15, 50,31, [15, 50, 41, [15, 50, 51, [15, 50, 61, [15, 62, 11, [15, 62, 2],
15,62,31,[15, 63,11, [15, 63,21, [15, 63,31, [15, 65, 11, [15, 65, 21, [15, 66, 11,
15, 66,21, [15, 66,31, [15,75, 11, [15, 75,21, [15, 75, 31, [ 15, 77, 11, [ 15, 77, 2],
15,77,31, [15,78, 11, [15,79, 11, [15, 81, 1], [15, 81,21, [15, 81,31, [15, 82, 11,
15,82, 2], 15,82,3],[15,83,1.1],[15,83,1.2],[15,83,2],[15,83,3.1L [15
83,3.21, [15,83,41, [15,84, 1], [15, 85, 1], [15, 85,21, [15, 85,31, [ 15, 86, 11,
15,86,21, [15, 86,31, [15,87, 11, [15, 87,21, [15, 87, 31, [15, 87, 41, [15, 87, 51,
15,88, 1], [15,89, 11, [15,90, 11, [16, 1,11, [16, 1,21, [16, 1,31, [16, 1,47, [16,
.51, [16,1,6],[16,1,71,[16, 1,81, [16,1,91, [16, 1,101, [16, 1, 117, [16, 1, 12],
6,1,13], 16,1, 141, [16, 1,151, [16, 1, 161, [16, 1, 171, [16, 1, 181, [16, 1, 19],
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6, 1,27], 16, 14,31, [16,14,4], [16, 14,5], [16, 14, 6],
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[16, 66,11, [16, 66,21, [16, 66,31, [16, 67,
[16,74,11,[16,75,11, [16,76,11, [16, 77,
[17,4,11,[17,4,2],[17,5,11, [17,9,1],
1, [17,20,11,[17,22,1], [17,23, 1],
1, [17,27,21, 17,28, 11, [17, 28, 2],
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27,11, [22,28, 11, [22,29, 11, [22, 34, 1], [22, 34,
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13,11, [23,13,2], [23,13,3], [23, 13, 4], [23, 14,
14,417, [23,14,5], [23,14,6], [23, 14, 7], [23, 15,
15,41, [23,15,5], [23,16, 1], [23, 16, 2], [23, 16,
17,11, [23,17,2], [23,18, 1], [23, 18, 2], [23, 19,
20,21, [23,20,3], [23,21,1], [23,21, 2], [23, 22,
1 [ ] [23,26,3], [23, 26,
26,71, [23,26,8], 23,30, 1], [23,31, 1], [23, 32,
33,11, [23,33,2],[23,33,3], [23,34, 1], [23, 35,
36,31, [23,37,1],[23,38,1], [23,38,2], [23, 38,
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,40, 1], [23,40,2], [23,40,3], [23,40,4], [23, 41,
23,
23,
24,
[24,2,6], [24,2,7], [24,2,8],[24,2,9], [24,2,10], [24,2,11], [24, 21, 1],
[24,35,11], [24,37,1], [24,37,2],

[24,37,7], [24,37,8], [24,37, 9],

42, 1], [23,43,11], [23,44,1], [23,44, 2], [23, 45,
48,11, [23, 48,2
2,1],[24,2,2],

[23,49,1], [23,50, 1], [23, 51,

]
24,2,3],[24,2,4],[24,2,5

24,
24,

24,

24,37,31], [24,37,4],
24,38, 1], [24, 38, 2],
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40, 1], [24,46, 1], [24,46,2], [24,46,3], [24,47,1], [24,51, 1], [25,2,1], [25,
5,1],[25,5,2],[25,6,1],[25,9,1], [25,12,1], [25,16,1], [25,16,2], [25, 16,

3], [25,16,4],[25,22,1],
1], [25,30,1], [25,31,1],
1], [25,45,1], [25,55,1],
1], [25,61,1]
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,[25,62,1],[25,65,1
,[26,5,1],[26,5,2],[26,5,3],

6,14,1],[26,14,2], [26, 15, 1],
26,16,5], [26,16,6], [26,19, 1],
26, 25,21, [26,25,3], [27,27,1],

24,1
35,1
56,1

, [25,26,1], [25,26,2],
, [25,36,11], [25,36,2], [25,39, 1], [25, 43,
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25,68, 1], [25,68,2], [25,68, 3], [25, 74,
26,5,4],[26,6,1],[26,11,1],[26,13,1],

26,16,11], [26,16,2], [26, 16,3], [26, 16, 4],
26,21,11], [26,22,1], [26,23,1], [26,25,1],
27,37,11,[28,8,1],[28,12,1], [28, 16, 1],
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[
[
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(28,17, 1], [28,21, 1], [28,21,2], [28, 21, 3], [28, 21, 4], [28, 21, 51, [28, 21, 6],
[28,21,7], [28,24, 11, [28,25, 11, [28, 26, 1], [28, 26, 2], [28, 26, 31, [28, 37, 1],
(28,41, 1], [28,42, 11, [28,43, 11, [28, 44, 1], [28, 44, 2], [28, 44, 3], [28, 44, 4],
[28, 44, 5], [28, 44, 6], [28, 45, 11, [28, 45, 2], [28, 46, 1], [28, 46, 21, [28, 47, 1],
[28,50, 1], [28, 53, 11, [28, 53,21, [28, 55, 11, [28, 55, 2], [28, 56.1, 1], [28, 56.2,
21, [28,56.2,31, [28,56.3, 11, [28, 56.4, 1], [28, 56.5, 1], [28, 56.6, 11, [28, 58.2,
11, [28, 58.3, 11, [28, 58.3, 2], [28, 58.4, 11, [28, 59, 11, [28, 60, 1], [28, 61, 1],
[28, 64,11, [28, 66, 11, [28, 67, 11, [28, 68, 11, [28, 71, 11, [28, 72, 11, [28, 73, 1],
(28,74, 1], [28,78, 11, [29, 13, 11, [29, 34, 1], [29, 38, 1], [29, 46, 11, [29, 53, 1],
[29, 60, 11, [29, 62, 11, [29, 64, 11, [29, 71, 1], [29, 74, 11, [29, 75, 11, [30, 14, 1],
[30, 20, 1], [30, 22, 11, [30, 26, 11, [30, 27, 11, [30, 27, 21, [30, 28, 11, [30, 28, 21,
[30, 28,31, [30, 30, 1], [30, 33, 1], [30, 34, 1], [30, 36, 1], [30, 37, 11, [30, 43, 1],
[30, 45, 1], [30, 46, 11, [30, 47, 11, [30, 50, 1], [30, 51, 1], [30, 51, 21, [30, 51, 3],
[30,52, 1], [30, 58, 11, [30, 59, 11, [30, 62, 11, [30, 64, 1], [30, 65, 11, [30, 69, 11,
(30,71, 11, [30,73, 11, [30,76, 11, [31,7, 11, [31,8, 1], [31,26, 1], [31,34, 1],
[31,34,2], [31,38, 1], [31,40, 11, [31,41, 1], [31,43, 1], [31, 43, 2], [31, 43, 3],
[31,49,1], [31,50, 11, [31, 56, 11, [31, 57, 1], [31, 58, 11, [31, 60, 11, [31, 61, 1],
[32,31,1], [32,43, 1], [32,47, 11, [32,59, 1], [32, 60, 1], [32, 62, 1], [32, 71, 1],
[32,78, 1], [32, 80, 11, [32, 80, 21, [32, 80, 31, [32, 80, 41, [32, 94, 1], [32, 96, 1],
[32,96,2], [32,99, 1], [32, 102, 1], [32, 102, 2], [32, 104, 11, [33, 5, 11, [33, 7,
11,133,8,17,133,8,21,[33,8,31,[33,9, 11, [33, 10, 1], [33, 10,27, [33, 11, 1],
[33,12, 1], [33, 12,21, [33, 13,11, [33, 14, 1], [33, 15, 11, [33, 16, 11, [33, 17, 1],
[33,18, 1], [33, 19, 11, [33,20, 11, [33,22, 1], [33, 23, 1], [33, 25, 1], [33, 25, 2],
(33,28, 11, [33,30, 11, [33,31, 1], [33,34, 11, [33, 35, 1], [33, 38, 1], [33, 40, 1],
[33,43, 1], [33, 44, 11, [33,45, 11, [33,48, 1], [33,49, 1], [34, 23, 1], [34, 25, 1],
[34,128, 17, [35,6,11,[35,7, 11, [35,8, 11, [35,9, 11, [35, 19, 11, [35, 29, 1],
[35,30, 1], [35,33, 1], [35, 34, 11, [35, 35, 1],[35 73,11, [35,74, 11, [35,75, 1],
(35,76, 1], [35, 76,21, [35,77, 11, [35, 78, 11, [35, 79, 11, [35, 80, 11, [36, 11, 1],
[36,12, 1], [36, 13,11, [36, 14, 11, [36, 15, 1], [36, 18, 1], [36, 18, 21, [36, 19, 11,
(36,20, 11, [36,22, 11, [36,23, 11, [36,24, 11, [36, 25, 1], [36, 26, 11, [36, 28, 1],
[36,30, 1], [36,31, 11, [36,32, 11, [36, 33, 11, [36, 34, 1], [36, 35, 11, [36, 36, 1],
[36,37,11, [37, 13,11, [37, 21, 11, [37, 39, 11, [37, 40, 1], [37, 45, 1], [37, 49, 1],
[37,50, 11, [37, 51,11, [37, 53, 11, [37, 55, 11, [37, 57, 11, [37, 58, 11, [37, 58, 2],
[37,58,3], [37, 64, 11, [37, 65, 11, [37, 66, 1], [37, 68, 11, [37, 83, 11, [37, 84, 1],
[37,98,1], [37, 104, 1], [37, 106, 11, [38, 1, 17, [38,2, 11, [38,3, 1], [38, 4, 1],
(38,5, 17, [38,6,1]]

There are as many solutions as

> nops((33))
971 34)

Vv Operatorial Algebraic Expressions Involving the



Differential Operators 0 , Y and V (nabla)
TR T}

Maple 2016 implements the concept of operatorial expressions, that is, the ability to

compute with the differential operators au , @ and nabla V from the Vectors
v

subpackage, algebraically, considering them as noncommutative operators and using
multiplication to express their application within expressions. When desired, the
multiplication is transformed into application of the differential operator to the operands
that appear to its right.

The differential operators GM , @ and nabla V are thus now considered
u

noncommutative, in that and they are assumed to commute only with mathematical
objects that do not depend on the coordinates (that is, constants with respect to their
differentiation variables). This also means that the Commutator and Anticommutator
commands, as well as the commands Library:-Commute and Library:-Anticommute, all
work with these differential operators taking their noncommutative property into
account.

Among other things, this new ability to compute with differential operators
algebraically, when combined with the new ability to factorize expressions involving
products of noncommutative operands, allows for factorizing algebraic expressions
representing differential operators of higher order into products of algebraic
expressions representing differential operators of lower order - an operation at the
realm of solving non-linear differential equations; the first steps of this approach are
now implemented too.

V Examples

> restart, with(Physics) : with(Vectors) :

Consider the commutator between a scalar 4(x, y, z) and the nabla operator V; use
compact display for convenience
> PDEtools:-declare(A(x,y,z), B_(x,y,z))
A(x,y, z) will now be displayed as A
g(x, v, z) will now be displayed asg 35)
> Commutator(Nabla, A(x, y, z))
[V,A4]_ (36)

New: the expanded form of this commutator now has the correct operatorial
meaning:

> expand((36))
VA—AV (37)



> @37 .B_(x,y,2)

(VA—AV) B (38)
> expand((38))

- -

(VA)*B—(AV)+B (39)

So all the algebra is performed taking V as a noncommutative operator, as we do
when computing with paper and pencil. You can apply the differential operators at
any time using the new Library:-ApplyProductsOfDifferentialOperators

> Library:-ApplyProductsOfDifferentialOperators((39))
(4,7 +A4j +4k)-B—AV-B (40)

The underlying types working at the core of this implementation of operatorial
expressions

> type(Nabla, noncommutative)

true 41)
> Library.-Commute( Nabla, o)
true 42)
> Library:-Commute(Nabla, x)
false 43)

The differentiation variables associated to V are the coordinates of the Cartesian
cylindrical and spherical systems of coordinates: [x, Y, Z, P, 0, 7, 6].

The same concept is implemented for the differential operators of special and
general relativity, (3“, and 2 . Define system of coordinates, X, then A and B as a
i

tensors and for convenience use a compact display

> Coordinates(X)
Default differentiation variables for d , D and dAlembertian are: {X= (xI,x2,x3,x4)}
Systems of spacetime Coordinates are: {X= (x1,x2,x3,x4) }
X3 (44)
> Define(A[mu], Blmu])

Defined objects with tensor properties

(A B0, X8, 08 e ) 45)
> PDEtools:-declare( (A4, B) (X))
A(x1, x2,x3, x4) will now be displayed as A
B(x1,x2, x3, x4) will now be displayed as B 46)

The commutator of au and AV multiplied by B, representing the application of 6LL can

now be represented as



> Commutator(d_[mu], A[nu](X) ) B[alpha](X)

[0.4,] B @7

o

> expand((47))
0 AB —A d B (48)
u vV o A% n o

Note that to the right of au in the first term there is the product A,B,,so that when

applying the operator to the product, two terms result, one of which cancels the
second term in (48)

> Library:-ApplyProductsOfDifferential Operators((48))
(6H(AV) ) B, (49)

As an example of the possibilities open with operatorial algebraic expressions
combined with the new factorization of algebraic expressions involving
noncommutative objects, consider the factorization of Laplace equation in a
Euclidean space

> Setup(spaceindices = lowercaselatin, coordinates = cartesian, metric = Euclidean)
* Partial match of 'coordinates' against keyword 'coordinatesystems’
Default differentiation variables for d_, D _and dAlembertian are: {X= (x,y,zt)}
Systems of spacetime Coordinates are: {X= (x,y,z, 1)}
The Euclidean metric in cartesian coordinates
Changing the signature of the tensor spacetime to: + + + +

[coordinatesystems = { X}, metric={(1,1) =1, (2,2) =1, (3,3) =1, (4,4) =1}, (50)

spaceindices = lowercaselatin]

> d [jF—m=0

07— m =0 (51)

> Factor((51))
(aj—m) (aj-l-m) =0 (52)

Similar problem now with vectorial differential operators, split into time and space
components,

> with(Vectors)

[&x, "+, ., ChangeBasis, ChangeCoordinates, Component, Curl, DirectionalDiff, (53)
Divergence, Gradient, Identify, Laplacian,N, Norm, Setup, diff]

> d [t} — Nabld® =0

9?2 —V2=0 (54)

t

> Factor((54))

(at—v) (6I+V) 0 (55)



92—02=0 (56)

> Factor((56))
(470 (5470 &7

The same functionality is implemented for @ , the covariant derivative operator. Set
n

the spacetime to be curved, for instance using Schwarzschild's metric and redefine
the compact display to use the new (spherical) coordinates
> g_[sc]
Systems of spacetime Coordinates are: {X=(r,0, 0, t) }
Default differentiation variables for d , D_and dAlembertian are: {X= (7,0, ¢, ) }

The Schwarzschild metric in coordinates [r, 0, 0, t]

Parameters: [m]

Tr2m 0 0 0
0 - 0 0
Sy 0 0 -Asin(6)° 0 9
0 0 0 r—2m
r

> PDETtools:-declare( (A, B) (X))

A ( r, 0, 0, t) will now be displayed as A

B(r, 0, 0, t) will now be displayed as B 39)
The commutator of covariant derivatives

> Commutator(D [mu], D [nu])
[@M, @V] (60)

> expand((60))

DD —D D (61)
wov vou

Multiply this result by a tensor function of the coordinates, say 4_(X) defined in the
lines above
> (61) A[a](X)

<@u @V — @V @u) 4, (62)
Apply the differential operators
> Library:-ApplyProductsOfDifferential Operators((62))



D (D(4)) = (2 2,(4))) (63)

u\ v Vi 1
Compare with the expanded version before applying, i.e.: the same expression but
expressed algebraically using multiplication instead of application
> expand((62))

D DA—-DD A, (64)
[TRAY vou

The Bianchi identity can be expressed in terms of commutators

> Commutator(D_[mu], Commutator(D _[nu], D _[tho])) + Commutator(D [nu],
Commutator(D_[rho], D [mu])) + Commutator(D_[rho], Commutator(D_[mu],

D [nu])) =0
[@M’ [@V, @P]—], + [@V, [@p, @M]—], + [@p, [@u, @V]—L =0 (65)

Expand the first commutator

> expand(op (1, lhs((65))))

DDD—-—DDD—-—DDD+DD (66)
weovop Lp vV vV opowu p Vv

Expand the whole identity
> expand((65))
0=0 (67

Let D_[mu] be the covariant derivative of gauge theory with A[mu] representing the
gauge field; for the current signature,

> Setup(signature)

[signature =- - - +] (68)
we have
> interface(imaginaryunit=i)
I (69)
> D [mu]=d [mu] +ied[mu](X)
@u:au —|—ieALl (70)

Note that the gauge field is introduced depending on the coordinates, which are
omitted from the display due to the use of PDEtools:-declare in (59). Introduce now
this definition in the Bianchi identity

> SubstituteTensor((70), (65))
[3 +ieA,[a +ied, 0 —I-ieA] ] +[a —I-ieA,[(? +ied,0 +ieA] ] (71)
u Wl v Viop PI_|_ % v p PP i1

+[6 —I—ieA,[a +ied ,0d +ieA] ] =0
p PPl wovy Vi

Expand the first commutator



> expand(op(1, lhs((71))))
10 d eA —1d eA 0 —10 ed d +ied d 0
nov p u P v v P Pv o

Expand the whole identity

> expand((71))

ied A0 +ied A9 +ied A 0 +0 A A +0 &4 A —id ed d
p Vo uw oPov v Hop p nov n v p n P v

—10edd —ided d —e€d AA —ed A A =0
p Vo v MKop w PV p v M

> Simplify((73))
0=0
Apply the operatorial expression (72) to a function of the coordinates
> PDEtools:-declare(Phi (X))
dD( r, 0, 0, t) will now be displayed as ®
> (72) - Phi(X)
(i(9u(9veAp—i(9ueAp(9V—ic?veApéM +ieAp6V6H) ()
> Library:-ApplyProductsOfDifferential Operators((76))
i (6“(6V(Ap))) De
Apply the inner commutator of the first term of (71)

> [6 +ied (X),0 +ied (X)] - Phi(X)
v v p p

(ie [av, Ap]_ +ie [AV, ap]_) )
> expand((78))
iaveApd) +ieAV6p<I) —i(?peAv<I> —ieApdvd)
> Library:-ApplyProductsOfDifferential Operators((79))

1Pe (6V(Ap) — (Gp(AV) ))

V Factorization of Expressions Involving
Noncommutative Operators

One of the interesting things about the Physics package is that it was designed from
scratch to extend the domain of operations of the Maple system from commutative
variables to one that includes commutative, anticommutative and noncommutative

(72)

(73)

(74)

(75)

(76)

a7

(78)

(79)

(80)

variables, as well as abstract vectors and related (nabla) differential operators. In this

line we have, among others, the following Physics commands working with this
extended domain:



A new command, Physics:-Factor was added to the family of Physics commands _*", " .,
~~, diff, Expand, Normal, Simplify, Gtaylor, and Coefficients that handle expressions with
noncommutative variables. The approach used in Physics:-Factor is similar to the one
used in the other commands of this kind, (see for instance
PerformOnAnticommutativeSystem), that is, to transform the problem into one that can
be treated with the commands that work only with commutative variables, and from
there extract the result for expressions involving noncommutative variables. This
approach works in well-defined and relevant cases, effectively extending the
computational domain of previously existing commands.

Physics:-Factor is also useful when working with noncommutative symbols representing
abstract matrices, that can have dependency, and so they can be differentiated before
saying anything about their components, multiplied, and be present in expressions that
in turn can be expanded, simplified and now also factorized. Physics:-Factor is useful as
well with expressions that include differential operators, now treated within Physics as
noncommutative variables (see the section on Operatorial algebraic expressions).

V Examples

> restart, with( Physics) : Setup(quantumoperators = {a, b, c, d, e}, mathematicalnotation
=true)

[ mathematicalnotation = true, quantumoperators = {a, b, ¢, d, e} | (81)

First example, because of using mathematical notation, noncommutative variables
are displayed in different color (olive)

> a2a2+oc\/7ab+4\/7kbzc+47uocbca +47\,\/7bcb+167\,2(bc)2+4a7tabc
+JV2 oba+25

ot oNZ ab+ayI AR c+ahabcat+ayI Abeb+16 N (be) (82)
+47uocabc+oc\/7ba+2b2
> Factor((82))

(47\,/76‘4‘610(4'\/7[7)2 (83)

A more involved example from a physics problem, illustrating that the factorization is
also happening within the function's arguments, as well as that we can also correctly
expand mathematical expressions involving noncommutative variables

> PDEtools:-declare( (a, b, c, g) (x,y)) :

x, y) will now be displayed as a
will now be displayed as b

5

a
b(x,y)
c(x,y) will now be displayed as ¢
X, y)

(
(
(
gl will now be displayed as g (84)

b

> Inf0<(4Dagger(b(x,y)) c(x,y) A+ o-f (1) a(x,y)-Dagger(a(x,y)) +v2 -g(x,y)-b(x,



»)xy)

[ee] [e]

2
(47Lch+ocf(t)aaT+\/7gb) x dy (85)
So first expand
> expand((85))
(16k2chch+47uocf(t) chaaT-l-47u\/7ngcb +4O€f(l‘)7ua(lTbTC (86)
+Oc2f(t ad aa +of () \/_gaa b+4J_g7»bch+\/_gaf bad
+2g2b> x dy

Now retrieve the original expression by recursing over the arguments in order to
factor the integrand

> Factor((86))

[e¢] [ee]

(4M%+af(z)acﬁ+ﬁgb)2 x dy 87)

This following one looks simpler but it is actually more complicated:

> Commutator(a, b) -c
[a,b]_c (88)

> expand((88))
abc—bac (89)
The complication consists of the fact that the standard factor command, that

assumes products are commutative, can never deal with an expression like
[a,b]_=(a b —ba) because if products were commutative the sum of these terms is

equal to 0. Through algebraic manipulations, however, the expression is also
factorable

> Factor((89))
(ab—ba)c 90)

This other one is yet more complicated:
> (a'b—b-a) (a+[3b+c)
(ab—ba) (a—i—Bb—i—cz) 1
When you expand,
> expand((91))
aba+Bab2+abcz—ba2—ﬁbab—bac2 92)

there are various terms involving the same noncommutative operands, just
multiplied in a different order. Generally speaking the limitation of this approach (in



Maple 2016) consists of: "there cannot be more than 2 terms in the expanded form
containing the same operands" . For instance in (92) the 1st and 4th terms have the
same operands, that are actually also present in the 5th term but there you also
have 3 and for that reason (involving some additional manipulations) it can still be
factorized:

> Factor((92))
(ab—>ba) (a—i—Bb—i—cz) 93)

Recalling, in all these examples, the task is actually accomplished by the standard
factor command, and the manipulations consist of ingeniously rewriting the given
problem as one that involves only commutative variables, and from the factorization
of that auxiliary expression extract the correct result for the given expression
containing noncommutative variables.

Here is an example where the approach implemented does not work (in Maple 2016)
because of the limitation mentioned in the previous paragraph:

> (Commutator(a, b) + c)2

([a,b]_ +¢)? ()
> expand((94))
abab—ab’a+abc—ba*b+baba—bac+cab—cha+c 95)

In this expression, the 1st, 2nd, 4th and 5th terms have the same operands q, b, a, b
and then there are four terms containing the operands g, b, c. This type of expression
is also factorable - work in progress.

As an example of the possibilities open with the combination of new functionality

regarding operatorial algebraic expressions and factorization of algebraic

expressions involving noncommutative objects, consider the factorization of
Laplace equation in an Euclidean space

> g [eu]
Systems of spacetime Coordinates are: {X= (x1, x2,x3,x4) }
Default differentiation variables for d , D _and dAlembertian are: {X= (x1, x2, x3,x4) }
Changing the signature of the tensor spacetime to: + + + +
The Euclidean metric in coordinates [x1, x2, x3, x4 ]
(100 0|
10100 96)
S, v 0010

0001

> Setup(spaceindices = lowercaselatin, coordinates = cartesian)

* Partial match of 'coordinates' against keyword 'coordinatesystems’



Default differentiation variables for d_, D _and dAlembertian are: {X= (x,y,zt)}
Systems of spacetime Coordinates are: {X= (x,y,zt)}
[ coordinatesystems = { X}, spaceindices = lowercaselatin| 97)

2

> d_[jT—m'=0

22 —m*=0 (98)
> Factor((98))
(= m) (4+m) = ©9)
Similar problem now with vectorial differential operators, split into time and space
components,

> with(Vectors)

[&x, "+, ., ChangeBasis, ChangeCoordinates, Component, Curl, DirectionalDiff, (100)
Divergence, Gradient, Identify, Laplacian,NV, Norm, Setup, diff|

> d [t — Nabla® =0

812 —V2=0 (101)
> Factor((101))
(GI—V) (at+v)=o (102)
> d [T —d_[jT=0
(9[2 — (?iz =0 (103)
> Factor((103))
—(aj—at) (aj+at):0 (104)

Vv Tensors in Special and General Relativity

A number of relevant changes happened in the tensor routines of the Physics package,
towards making the routines pack more functionality both for special and general
relativity, as well as working more efficiently and naturally, based on Maple's Physics
users' feedback collected during 2015.

¥V New functionality

* Implement conversions to g_ from any of Ricci, Riemann, Einstein, etc. (all the
general relativity tensors)

* New optional argument, 'freeindices = ...", in TensorArray and in
TransformCoordinates, to indicate the ordering of free indices in tensorial
expressions - say "Alalpha, beta] + A[beta, alpha]", where this ordering is not




obvious, including now a new subroutine to determine this ordering in a
predictable way and regardless of whether the indices are covariant or
contravariant.

* Implement option 'specializeconstants' within Physics:-KillingVectors

V Examples

V Rewrite the general relativity tensors in terms of the metric (convert to
g.)
Set the spacetime to something not flat, for instance Schwarzschild's solution

> restart; with(Physics) : g _[sc]
Systems of spacetime Coordinates are: {X=(r, 0, o, t) }
Default differentiation variables for d_, D _and dAlembertian are: {X=(r,0, 0, ) }

The Schwarzschild metric in coordinates [r, 0, 0, t]
Parameters: [m]

m 0 0 0
0 -/ 0 0
frv 0 0 -Asin(6)° 0 (19
0 0 0 r—2m
r
> Ricci[mu, nu |
R, (106)

This is the standard definition of the Ricci tensor in terms of Christoffel symbols
> (106) = convert((106), Christoffel)
_ o _ o p o B o
Ruyv_aa(r M,V) (av(r mu))+ru,vr o B rmur B v (107)

When computing field equations, however, we need the expression of the Ricci
tensor directly in terms of the metric

> (106) = convert((106), g )

(9,027 (9,(809) FO,(800)  (%(Eur))

1Y 2

g (aoc<av(gu, T)) * aoc(au(gva <) ) B (aa(af(g“’ v) ) ) )

(108)




g&X (av(gx u) +8M(ng) B (Gx(ng))) g"" (aﬁ(g"’ “)) _ 1

4 4 (
€5 (9, (8n) +0(800) 7 (A (50n))) €7 (A8 a) + ()
—(3,(2v))))

This expression is obtained combining (107), with the definition of Christoffel in
terms of the metric

+

> Christoffel[ alpha, mu, nu |

Ty (109)

> (109) = convert((109), g )
_ (%(8an)) + (%u(8av)) _ (o)) (110)

o U, v 2 2 2

r
This formula is also available as the definition of Christoffel entering Christoffel
[definition].

All the General Relativity tensors can now be expressed directly in terms of the
metric in the same way:

> Riemann|definition)

A A A K A K
R\ ob=8 (aa(r . B) - (aﬁ(r w)) RN e i w) a11)

> [hs((111)) = convert(lhs((111)), g )

[ (9.(7")) (O(%5) * %(=ev) ~ (%(2av))

2

8" (4(0E )+ %) ~ (u(%(En))
2

R

o Buv S (112)

+

(9,(6"")) (3(2a) * %(8v) ~ (%(%0)))

£ (9, (500) iy(8) ~ (%(50))) ) )



V New option fieeindices=[ ...] of TransformCoordinates and TensorArray

* The new option, freeindices, to indicate the free indices in
TransformCoordinates and TensorArray. Generally speaking, in a tensorial
expression with more than one free index, there is no way to tell which free
index comes first. The TransformCoordinates and TensorArray commands
were using Maple's sort command, resulting in a deterministic, however
non-obvious choice.

To address this situation, a new optional argument, to indicate the ordering
of the free indices, say as in freeindices = [~a, b] was implemented. This
also allows for transforming for instance only one or a restricted number of
free indices when using TransformingCoordinates. When the option is not
used, if the tensorial expression is a tensor itself, then the ordering found in
its indices is used, otherwise, sort is used.

Consider for instance a three-dimensional problem in a Euclidean space
> restart; with(Physics) :

> Setup(coordinates = (X=[x[1],x[2],x[3]]), dimension =3, metric = Euclidean,
spacetimeindices = lowercaselatin, quiet)
[ coordinatesystems = { X}, dimension =3, metric={(1,1)=1, (2,2) =1, (3, 3) (113)
=1}, spacetimeindices = lowercaselatin ]

The metric:
> g []
100
g.,=1010 (114)
001

Define now two tensor with two indices, whose components are given by the
following matrices:

13
>4,,=123 4

[

213
4,,=123 4 (115)
121

[\

306
>B,,=|4 8 15
11 19

V)]



23 6
B,,=|4 8 15 (116)
511 19

> Define((115), (116))

Defined objects with tensor properties

{Aa, b Ba, b YH’ GH’ XH’ ali’ 8

AECARENN (117)

Since the space is Euclidean, the covariant and contravariant components are
the same

> Al ]
213
A,,=|23 4 (118)
1 21
> A[~]
213
A%=12 3 4 (119)
1 21
Consider now the contracted product
> expression := AC’ bBc, 4
expression == A ‘ »B ca (120)

This expression has the free indices a and b, in no particular order. For
example, consider a coordinate linear transformation (x - old coordinates, y -
new coordinates)

> o= {Xl =N +y2 +y3, Xy =W +y3’ X3 :y3}
tr == {x1 =Vt Ty =y, T3 x5 =y3} (1z1)

Transform the coordinates, the third argument indicates the new variables, and
call C, , the transformed tensor, with the ordering [a, b] for the free indices

> C,,=T ransformCoordinates(tr, expression, [ Vi Vo y3], freeindices = [a, b])

17 41 68
C,,=| 50 123 202 (122)
111 273 449

Change the order of the freeindices



> C, , = TransformCoordinates ( tr, expression, [ Vi Vo y3], Jreeindices = [b, a ])

17 50 111
C,p=1|41 123 273 (123)
68 202 449

Transform only one index, first a, then b, then in sequence
> T ransformCoordinateS(tr, expression, [yl, Vs y3], freeindices = [a])
24, ,+44, ,+54,,
SAl,b+12A2,b+16A3,b (124)
114, ,+274, ,+354;,

> Hla]=T ransformCoordinates(tr, expression, [ Vs Vo y3], freeindices = [b])
2Bl,a+ZB2,a+B3,a
H=|3B ,t58, ,+38B,;, (125)
6B, ,+9B, ,+4B;,

The same option is now available for TensorArray. Compute the tensor
components of the tensorial expression (120) using the two possible orderings
of its free indices

> TensorArray(expression, freeindices = [a, b])

17 24 27 |

33 49 52 (126)
61 89 97

> TensorArray(expression, freeindices = [ b, a])
[ 17 33 61 |
24 49 89 (127)
27 52 97

V' New option specializeconstants of KillingVectors

The design of KillingVectors was revised for Maple 2016 with regards to: a)
return the Killing vectors using a vector format, not just the solution to the
underlying PDE system, b) compute their contravariant components by default
instead of covariant; c) introduce a new keyword specializeconstants to



request the specialization of the constants that appear when solving the
underlying linear PDE system.

> restart; with(Physics) :

> Setup(mathematicalnotation = true)
[ mathematicalnotation = true] (128)

Set a system of Coordinates

> Setup(coordinates =X )

* Partial match of 'coordinates' against keyword 'coordinatesystems’
Default differentiation variables for d , D _and dAlembertian are: {X= (x1I, x2, x3,
x4)}
Systems of spacetime Coordinates are: {X= (x1,x2,x3, x4) }
[ coordinatesystems = { X} ] (129)

Define a tensor with one index to represent the Killing vector
> Define(V)
Defined objects with tensor properties

{V,y,c,X,é )
wow

8w Oy em&u’v} (130)

The components of the contravariant /', directly in list format, ready to be
forwarded to Define to compute furthermore with them:

> KillingVectors(V)

[V“ =[x2, -x1,0,0], V*=10,0,1,0], ¥"=[x3,0, -x1,0], V¥ =[x4,0,0,x1], (131)
VH=11,0,0,0], V¥ =10,x4,0,x2], V*=10,0,x4, x3], V"=[0,0,0,1], V"
=[0,x3, -x2,01, V*=10,1,0,0]]

The same result but this time for the covariant components (for that purpose,
pass V' with a covariant index), and without specializing the integration
constants,

> KillingVectors( VM’ specialize = false)
* Partial match of 'specialize' against keyword 'specializeconstants’
VM =[ Clx2+ C2x3+ C3x4+ C4,- Clxl+ C5x3+ C6x4+ C7, (132)
- C2x1— C5x2+ C8x4+ (C9,- C3xI— C6x2— C8x3+ Cl0]

The new format for the output of KillingVectors facilitates computing with
these results. For example, define V as a tensor using the first Killing vector
solution in (131), check its contravariant and covariant components, and verify
that it is indeed a Killing Vector by verifying the definition in terms of Lie
derivatives.

Define (131)[1] as a tensor



> (131)[1]
VH=[x2, -x1,0,0] 133)

> Define((133))

Defined objects with tensor properties

{yu, O VE X, 0.8, 08 e V} (134)
Check the covariant and contravariant components of
> V]
VH=[ -x2 x1 0 0 | (135)
> V[~]
yh=[x2 -x1 0 0| (136)

Verify that V'is indeed a Killing Vector, that is, that the Lie derivative of the
metric with respect to the V'is O

v, (137)

> LieDerivative[ V'](g [mu,nu]) =0

fav (4(7)) *aa (307%)) 70 139)

Compute the components of this tensorial equation

> TensorArray((138))

0=0 0=0 0=0 0=0
0=0 0=0 0=0 0=0

(139)
0=0 0=0 0=0 0=0
0=0 0=0 0=0 0=0

V Improved functionality

* Install new approach for computing the Weyl scalars ~10x faster; fix issue
noticed during development (missing clearing a cache) and add test with difficult
example (Kerr metric) for the computation of Weyl scalars

* 4x speedup in the computation of the Ricci scalars (testing example: the Kerr
metric)

* 5x speedup in the computation of the components of the Ricci tensor in the case
of an arbitrary spacetime metric (10 unknown functions of 4 independent
variables each).

V Examples



> restart;, with(Physics) :

Depending on the form of the spacetime metric, the computation of the Weyl and
Ricci scalars, or the components of the Ricci tensor, can be rather involved,
requiring handling large algebraic expressions depending on mathematical
functions. Improving the approach for these kinds of difficult algebraic
computations is one area of constant development.

Consider the Kerr solution in terms of Boyer and Lindquist coordinates, shown in
Chapter 5 (equation 5.29) of the book "The large scale structure of space-time" by
S. W. Hawking and G. F. R. Ellis; the corresponding line element

> ds* = (2mr—r2—azcos(9)2) dr* ! + (4
<r2+<azcos(9)2 ) (
2 2 2 1 2 2 2
+ (a®cos(8)7) ) dr (@ —2mrt?) )—l—((r + (a*cos(0)7) ) d6?)

+ d(f)sin(ﬂ)2 ((a2 (> =2mr+7) cos(9)2+ ((2mr++)d?) +r4) do

—4mradt) ! 3 :
(r2—|— (a2 cos(9) )) j

Set the coordinates, and the metric using this line element all in one go

> Setup(coordinates= (X = [2,7,0,0]), metric= dsz)

* Partial match of 'coordinates’ against keyword 'coordinatesystems’
Detected 't’, the time variable, in position 1. Changing the signature of the spacetime
metric accordingly, to: + - - -

Default differentiation variables for d_, D_and dAlembertian are: {X=(t,1,0, ) }
Systems of spacetime Coordinates are: {X=(t,7,0, ) }

Zmr—rz—azcos(e)2

P+ d cos(e)2

, (1,4) = (140)

coordinatesystems = { X}, metric=1(1,1) =

. 2sin(9)2mra (2.2) = rz—i-azcos(e)2
r2+a2cos(9)2’ ’ @ —2mr+7
sin(G)2 (az (a2—2mr+rz) cos(6)2+ (2mr+r2) a2+r4)

P+ d cos(e)2

L (3,3) =2 +d>cos(8)’, (4, 4)

|

Check the metric

> g []

2

2mr—+*—a cos(e)2 ) 2sin(9)2mra

2, 2 2 > 0,0, 2, 2 2
¥ +a" cos(0) ¥ +a” cos(0)

g, = (141)




A +d cos(e)2

a2—2mr+r2

0, ,0,0

9

0,0, 7 +d’cos(8)’, 0

2

-_ 2sin(9)2mra

i rz—l—azcos(e)2

sin(E))2 (& (> =2mr++77) cos(6)2+ 2mr+7) a+*)
r2+a2cos(9)2 ”

909 O)

The Weyl scalars for this metric are now computed 10x faster than in Maple 2015.
Their definition in terms of the four vectors ZM, My My n_aLL of the Newman-Penrose

formalism
> Weyl[scalarsdefinition]

_ W v, o, B _ uv, o, B _ W v, o, B —
y,=-C l“mvlamﬁ,\u]——C l“nvlamﬁ,\uz——C l“mvmanﬁ,w3

=—C”’V’O(’Bl n.m n,w4=-C“’v’(x’Bn mn_m
LoV g B Loy o« B

The five Weyl scalars defined above and the time to compute them

> time( ) :
Weyl[ scalars];
time=time( ) — %%

vy~ 3 (cos(0)

2 2

—1) (cos(@) sin(0) \/2a2005(9)2+2rz \/sin(e) a (azcos(e)

—3/%) \/ -2 zzzcos(9)2—2r2 —6 (cos(8) —1) (r2+a2cos(9)2> (cos(0)

2 7'2

+1) (azcos(e) —?)rj m (cos(6) +1)a2)/<4<a2cos(9)2—2mr

+r2) sin(e)2 (r2 +azcos(6)2)4>, Yy, = (— % (cos(0)

—1)mJ & —2mr+7 (cos(8) +1) (a cos(0) sin(6) (azcos(e)2

—3/) \/ -2 czzcos(9)2—2r2

+3 22 c0s(8) +27 sin(0)’ (azcos(e)z—%z) r) a)/

(\/2azcos(6)2-|—2r2 (rz-i—azcos(e)z)3 (azcos(6)2—2mr+r2) sin(e)z),

(142)



sz((cos ) sin( \/Za cos( P42/ \/sm a(a cos(e)2

—37) \/ -2 czzcos(6)2—2r2 —6(cos(0) —1) (r2+a2cos(6)2> (cos(0)

1) (azcos(e)z_%z) rj m (azcos(9)2—3a2+4mr—2r2))/

<4 (o2 cos(e)2 —2mr+477) sin(e)2 (7 +d cos(9)2)4>,\|13

) (% (cos(8) —1) my a® —2mr+7 (cos(6)

+1) (a cos(0) sin(0) (azcos(9)2—3r2) \/ -2 azcos(e)z—2r2

+3 22 c0s(8) +27 sin(0)’ (azcos(e)z—r—z) r) a)/

3

(\/2azcos(6)2-|—2r2 (rz-i—azcos(e)z)3 (azcos(6)2—2mr+r2) sin(G)z),

v,=- (3 (cos(6)

—1) (cos ) sin( \/2a cos( —i—2r2 \/sin(e)z a (azcos(e)2

—3/) \/ -2 czzcos(9)2—2r2 —6 (cos(0) —1) (r2+a2cos(9)2> (cos(0)
2 r2 2
+1) (azcos(e) - ?) r] m (cos(0) +1) az)/<4 (azcos(e) —2mr
+7) sin(e)2 (#+d° cos(9)2)4>
time =2.491 (143)

Set now the metric to be entirely arbitrary

> g [arbitrary]

FI(t,r,0,0) F2(t,r,0,0) F3(t,1,06,0) F4(t,r,0,9)
F2(t,r,0,0) F5(t,1,0,0) F6(t,1,0,0) F7(t,7,0,0)
g v (144)
BVl F3(,r,0,0) F6(1,1,0,0) F8(1,r,0,0) _F9(t,r,6,0)
F4(t,1,0,0) F7(t,r,0,0) F9(t,r,0,0) FI0(t,1,0,0)

> PDEtools:-declare((144))
FI(t,7,0,0
_F10(t,7,6, ¢
F2(t,7,0,0
_F3(t,7,0,0

will now be displayed as F1
will now be displayed as F10
will now be displayed as F?2

— N N’ N

will now be displayed as F3



)
_F5(t, 1,0, ) will now be displayed as _F5
6(t, r,0,0) will now be displayed as F6
; )
)

(
_Fo(
(
(

F4(t, 1,0, 0) will now be displayed as _F4

R

7(t, r, 0, 0) will now be displayed as F7
_F8(¢t,r,0,0) will now be displayed as F8
_F9(t, 1,6, ) will now be displayed as _F9 (145)

In Maple 2015, on a typical fast machine, the computation of the Ricci tensor
components was taking around 1 minute. After an optimization of the code it now
takes around 12 seconds (avoid displaying the components themselves to not
clutter the display with too large expressions)

> time( ) :
Ricci[ ]:
time=time( ) — %%;
time=11.857 (146)

The computational length of all the algebraic expressions entering these
components is

> length(Riccil 1)
36613509 (147)

V Vectors Package

A number of enhancements were performed in the Vectors subpackage:

* You can now represent the scalar product of a vector with itself by a squaring (power
2) of the vector.

* You can now add vectors of different bases and change basis in expressions that
contain unit vectors of different orthonormal basis.

V Examples
> restart, with(Physics) : with(Vectors) :

Consider the relativistic Hamiltonian of a particle of mass m; you can now enter the
square of the momentum (scalar product on with itself) directly as a power, as we
do when computing with paper and pencil

1
2
> H:= (p_202+mzc4)
H:== 1_52 &+t (148)

The expansion of the power of a vector now returns the square of its norm

> expand(H)



JIpI*e +m (149)
Introduce now the components on
> p_=pitp, jtp; K
p=p,i+p,J+psk (150)
Now H, or its expanded form, are given by

> H

A ~ ~ 2
/(pxi +p,J +p3k) <+t (151)

> expand(H)

\/ m & + czp32 + cszz + czpy2 (152)

Likewise, the expansion computed before entering the components ofE now appears
as

> (149)

J(pi+pl+p]) E+ni (153)

Consider the following vectorial expression where the right-hand-side involves unit
vectors and coordinates of both the cylindrical and spherical basis

> PDEtools:-declare(A_(r, theta, phi))

2

A(r, 8, 0) will now be displayed as A (154)
> ce = Curl(A_(r,0,9)) = ———— 4 theta__ cos(8) 1
rsin(0) p  sin(8) ¥ Asin(e)’
cermYxA=— Kk 0 cos(8)r (155)
0

rsin(0) p sin(0) 2o 7 sin (
. k n theta
rsin(0) p sin(0) r
cor=VxA=—K . ® (156)
rsin(0) p  rsin(0)

> ee = Curl(A_(r,0,9)) =

Change all to the spherical basis, also the coordinates

> ChangeBasis (ee, spherical, also)

* Partial match of 'also' against keyword 'alsocomponents’
cos(0) r N (-147) 0
Zsin()”  sin(8) 7

ChangeBasis(V xA4,3 ) = as7)

The same operation to the cylindrical basis



> ChangeBasis (ee, cylindrical, also)

* Partial match of 'also' against keyword 'alsocomponents’
[ 2,2 2) .
ChangeBasis(VxA’ 2) = ( p +zZ —p ) N zp
2 2 2 7 5
pVvp t+zZ Jp +zZp

(158)

Vv The Physics Library

Four new commands, useful for programming and interactive computation, have been
added to the Physics:-Library package, that now includes 142 documented commands.
These new ones are:

* ApplyProductsOfDifferentialOperators
* DelayEvaluationOfTensors

* PerformMatrixOperations

* ShowTypeDefinition

Additionally, eight new types, related to the developments in Physics for Maple 2016,
were added to the Physics:-Library:-PhysicsType subpackage of Physics types, for
programming or interactive purposes. These are

* DifferentialOperator, DifferentialOperatorindexed, DifferentialOperatorSymbol,
Euclideanindex, ExtendedDifferentialOperator,
ExtendedDifferentialOperatorindexed, ExtendedDifferentialOperatorSymbol,
TensorWithNumericallndices

Vv Redesigned Functionality and Miscellaneous

* Redesign of D_[mu] to not prematurely evaluate the argument.

* Reimplementing Physics:-Dgamma as a tensor with Array representation instead of
an (old) matrix.

e d [mu](x1) used to return g_[mu,~1], which generally speaking is correct, but in a
curved spacetime this result is incorrect because d_[mul(x1) is not a tensor while g_
[mu,1] is used as a tensor. For example, taking the covariant derivative of d_[mu](X
[(~1']) =g [mu, ~1"]one would get zero on the right-hand side but not zero on
the left-hand side. This is corrected so that d_[mu](x1) does not return g [mu,~1]
anymore when the spacetime is curved.

* Change default in KillingVectors: when the vector V is passed without indices, the
equations for the contravariant V (not the covariant) are solved.

* Change in default of Physics:-KillingVectors: now it returns with all the integration
constants specialized, unless a (new) optional keyword 'specializeconstants = false'
is passed.



* Adjust design in Physics:-LieBrackets: when the related LieDerivative returns 0,
LieBracket now returns an n-dimensional Array where n is the spacetime dimension
and all of its components are equal to 0.

» LieBracket now automatically maps over "mappable' structures, like relations, lists,
sets, Matrix, or Arrays.

* Change in design: avoid swapping the time variable from position 1 to position 4
when retrieving metrics from the database based on Stephani's book - instead reset
the signature to be as in the book and keep the metric exactly as presented in the
book.

* Implement simplification of gauge tensorial indices.
* Improve Physics:-Library:-Add to handle complicated examples.

* Allow integrating the 'integral form of Dirac' into a Dirac function when Physics is
loaded.



